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Let an economic space be characterized by the existence of a given distribution of locations, i.e. consumers' residential locations and producers' plants. It is equipped with a system of prices. The econo my is fuzzy because the economic behaviors of agents are imprecise.
In this context, spatial partial equilibria theories are applications of a fuzzy economic calculation model. The aim of the present paper is to study the conditions which must be fulfilled in order that the compatibility of consumers' equilibria and producers' equilibria be verified.
Mathematical tools are Butnariu's theorems which extend the Brouwer's and Kakutani's theorems to the cases of fuzzy functions and fuzzy point-to-set mappings.
Economic results are the extension of the Walras Law to a fuzzy eco nomic space and the formulation of a theorem which states the condi tions for the existence of a spatial general equilibrium in a fuzzy economy. This theorem is a generalization of a classical Debreu's re sult.
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1. Introduction.
1.1. A fuzzy economy is such that : (1) economic spaces where men live (regions, market areas, urban influence zones, etc.) are imprecise ; they possess "more or less" constituent characteristics and they are not parti tioned into very homogeneous and well delineated sub-spaces ; (2) economic agents pursue vague and sometimes incompatible objectives ; the cons traints which limit their means are elastic, either because they are im perfectly appraised, or because they are objectively fuzzy.
The matter of the fuzzy economic spaces analysis is to state a forma lized theory which retains in full the nuances and gradations of the real world and the lights and shades of the spatial human behaviors (Ponsard, 1980 (Ponsard, , 1983 .
1.2. With respect to spatial behaviors, they must be analysed as fuzzy economic calculations, i.e. as optimization programmings of fuzzy objective-functions with elastic constraints. Then, consumers and producers spatial partial equilibria theory is a particular specification of the fuzzy economic calculation general model. Consumers optimal decisions are their demands and producers optimal decisions are their supplies.
1.3. The aim of this paper is to study the compatibility of fuzzy spatial partial equilibria, i.e. to state a theory of spatial general equilibrium in a fuzzy economy. More precisely, this paper is limited to the analysis of the existence conditions of such an equilibrium.
The first part is devoted to the description of the analysis frame work ; the matter of the second part is to state a theorem of equilibrium existence.
1.4. Remark : In order to avoid any ambiguity in the notation of mathe matical symbols, ordinary concepts (non fuzzy) are underlined, whereas fuzzy concepts are not. For instance, A c £ is read : A is a fuzzy subset of the ordinary reference set E_. This convention is only applied to sets and not to their elements. No ambiguity is possible.
-3 -2. The a n a l y s i s f r a m e w o r k .
2.1. The characteristics of the economic space.
Let an economic space characterized by n goods i (i = 1, ..., n), m con sumers j (j = 1, ..., m) and r producers k (k = 1, ..., r). The set of agents is finite, but large enough in order that the economy has a struc ture of competition.
The locations of economic agents are given and their distribution is indifferent. We note without any ambiguity the consumers residences with the help of the same indexes j, one and only one individual residen ce corresponding to each consumer. Thus, different values of these indexes are allocated to distinct residences which are located in a given place or in several places. In the same manner, producers plants are noted with the help of indexes k.
Although the following model is inspired by the Debreu's theory (1959) , the definition of an economic good which is chosen is not that of a merchandise in the meaning stated by this author. It is well known that such a merchandise is described as a product or a service which is characterized by various properties, especially the date to which it will be available and the place where it will be accessible. Then, the value of a merchandise in the future is equalized with the value of the same merchandise at present through a discount rate. In the same manner, the value of a distant merchandise is supposed to be equalized with the value of the same merchandise which is available in a given place through an exchange rate. Let _Y^ be the set of the possible productions of the kth producer.
The elements y of Y. are vectors of n 1 whose compoundings y. state
the quantities of the good i which are supplied or demanded by the kth producer to the jth consumer. They are non-negative or non-positive according as they are supplied or demanded respectively.
Transportations are production activities just like all the others.
For a production y^ in ^ and a spatial price system p, the produ cer's profit, denoted by G^, is by definition :
The objective of the kth producer is the maximization of the fuzzy utility associated with the profit (Ponsard, 1982 a) .
We construct a mapping, denoted by , which is the profit fuzzy k utility mapping. It is such that : We define a fuzzy subset of Y^, denoted by H^, such that :
which describes a fuzzy constraint in the k^ producer's economic calculation.
Allocation of wealths and incomes.
The initial allocation of the stocks of goods i is given. Let w^ be m the vector of the jth consumer resources and w = £ w . the initial wealth j=i J in the economy.
The distribution of profit between the consumers is defined by the parts, denoted A..., of the net revenues of firms which are perceived by the consumers. These coefficients are assumed to be non-negative and their sum equal to one for the r firms in the economy.
With these hypotheses, each consumer has three different origins for his incomes : incomes proceeding from its profit parts, from the sale of its initial dotations and from the sale of the services which are inclu ded in its consumption set.
We state the hypothesis that each agent can supply a quantity of each good in order to avoid discontinuity solutions :
w. G T R n and 3x.£X./x.<w.. 
We have a membership function, denoted by y0 , such that :
with the following conditions :
y (x) -1 iff x is good for F and C y (x) -0 iff x is bad for F or C An optimal decision is such that :
This formulation sends for a very important remark in the framework of spatial partial equilibria theories : objective and constraint have the same part in the decision-making process. Indeed, their relationships are symmetric since two fuzzy subsets of the same reference set are concer ned and the operation n is commutative.
Formally, a fuzzy economic calculation has a structure which is si milar with the structure of a fuzzy mathematical programming. Tanaka, Okuda and Asai (1974) prove that the solution for the problem of finding the best possible decision is to settle an element x of E such that : sup y (x) = sup y (x), with A c E and
A is a subset of E_ such that the value of the constraint membership function is at least equal to the value of the objective membership func tion .
A good understanding of this result compels to state the three fol lowing comments :
(2.3.1.1.) The conditions for the function sup y (x) to be continuous x G A f are little restrictives (Ponsard, 1981 (Ponsard, b, 1982 . Among them, we find on the one hand the condition that the (non fuzzy) sets of possible consump tion and production be compact, and on the other hand the condition that the fuzzy subsets which describe objectives be strictly convex.
Mathematically, it would be indifferent to lay the strict convexity condition on the constraint rather than on the objective, since they have the same part in the decision making. But for economic motives, it is accurate to lay it on the objective. Indeed, in the consumer and producer spatial equilibria theory, it guarantees the continuity property of the fuzzy utility functions. Moreover in the producer equilibrium theory, the assumption of increasing returns does not put a problem since the strict convexity condition is not laid on the technological constraint.
(2.3.1.2.) Generally the solution is not unique. Especially the analysis of the unicity conditions points out that the strong convexity condition must take the place of the strict convexity condition.
(2.3.1.3.) In the particular case where the objective is precise and the constraint alone is fuzzy, then the fuzzy economic calculation can be solved by a different and much simpler method (Ponsard, 1982 b) .
Consumers spatial partial equilibria.
Consumers maximize their fuzzy utilities with their elastic constraints of budget and taking into account the equilibrium prices which are viewed as parameters.
The jth consumer chooses a consumption x^ in a non empty fuzzy subset
In the goods supply space, the places where the several commodities are demanded and the respective quantities purchased are obtained since
] where k is the index of supply places of the goods indexed J 1JK by i which are elements of the vector x . j m m Now let x = Z x . be the total consumption and X = Z X . be the total j = 1 J j = 1_J consumption set, to which a fuzzy subset X, X c X_, is associated. It is defined as follows.
The total consumption is such that :
Vx ( At the equilibrium, the production y^ is such that :
with A = iyk ; yk e 4 :
As the continuity of the function sup y (y ) implies that G be y. G A k k ' k -strictly convex, a result is that, W y. G A , sup y (y ) is strictly \ 6 4 Yk quasi-concave and Y^ is strictly convex. Therefore, _Y^ must also be strictly convex.
In the goods demand space, the places where the several products are supplied and the respective quantities sold are obtained since y^ = [ y^^] where j is the index of demand places of the goods indexed by i which are elements of the vector y. . k r r Now let y = Z y be the total production and _Y = Z Y. be the k=1 k=1 total production set, to which a fuzzy subset Y, Y c is associated.
It is defined as follows.
The total production is such that : With the previous definitions, the excess demand in a fuzzy economy, denoted by e, is equal to : e = x -y -w It is such that :
As x 6 X_ and y € Y_, the excess demand x -y -w is an element of a set, denoted by £, with £ = X. -X. T hen we define an excess demand fuzzy point-to-set mapping e such where x(p) is the value of the demand point-to-set mapping for a price p, y(p) the value of the supply point-to-set mapping for a price p and w the initial resources.
In order to simplify the notation, the symbol e designates the excess demand and the excess demand fuzzy point-to-set mapping. No ambiguity is possible in the context.
At the equilibrium, we must verify that e < 0. We must search for the conditions which ought to be fulfilled by e(p) in order to p be such that e(p) ^ 0 exists.
C o n d i t i o n s o f s p a t i a l g e n e r a l e q u i l i b r i u m in a f u z z y e c o n o m y .
that : The set of all fuzzy subsets of X. is denoted by ^0 0 .
3.1.2. A fuzzy point-to-set mapping over a set X is a mapping, denoted by T, from X_ to £P 00 which associates an element of (X_) to any x of X :
We have :
r(x) = {y, y ; y G X_, y = f(x) : y (y) G L j
Thus, x is a parameter. Giving a particular value to y, we can write :
My) = {y, yr ; y G X : yr (x, y) G L_) where y^, is the membership function of the couple (x, y) to the fuzzy subset r (y). x 3.1.3. An element x* of _X is called fixed point of the fuzzy point-to-set mapping T iff its membership function to A is at least equal to the member ship function of any element y of X.» i.e. iff y *(x*) > y *(y), V y G _X.
X X
In other words, a fixed point of a fuzzy point-to-set mapping T over X_ is an element x* such that y^Cx*, x*) ^ y^Cx*, x), V x G X_.
This definition is a generalization of the usual one. Indeed, if £ = {0, 1}, we find again the definition of an ordinary point-to-set mapping :
y G f(x ) y (y) = 1. Hence, if y (x*) > y # (y), then y (x*) = 1 x x x and x* G f(x*).
3.1.4. Let £ be a subset of X_. The fuzzy point-to-set mapping T is closed iff the membership function y^Cx, y) is upper-semi continuous over £.
3.1.5. The fuzzy point-to-set T is convex iff its membership function is quasi-concave.
3.1.6. If is a real topological vector space, locally convex and
Hausdorff-separated, £ a non empty, convex and compact subset of X, and T a fuzzy point-to-set mapping over £, an usual point-to-set mapping,
•A. denoted by T, can be associated to V by : r (y) = {y ; y G C : r (y) = V r (z)}.
x -X c n X Z G £ 3.2. Fuzzy function and fixed point theorem.
3.2.1. Definitions.
(3.2.1.1.) A fuzzy point-to-set mapping V over £, £ c X_, is said to be a fuzzy function iff, tf x 6 C, T i 0. It is said to be a "very fuzzy" A X function iff is a mapping over £. Hence it results immediately that T and T 1 have the same fixed points and T 1 is a "very fuzzy" function. We have P i x ) c £ since 0 < P (f(x)) < t)(x) and y 4 f(x) imply that r (y) = 0 < D(y).
Since T ' is F-continuous, it exists a neighbourhood V £ /(x) such that f* (V) c _D. So y z £ JC, we have : r T( W ( z ) c D(z). Proof. The fuzzy point-to-set mapping T has a fixed point x* iff thê A point-to-set mapping T has a fixed point, i.e. iff x* G T(x*). Indeed x* is a fixed point of T iff y *(x*) > y *(y), which implies that x* G T(x*). We have a series of continuous functions, denoted by g, such that :
e | -------) g(e) = { p ' / p'.e < p.e}
In order to verify subsequently the conditions of the fixed points theorems, prices are made standard, i.e. they are such that £ p. = 1. i,j,k 1J Let £={p;p€IP: Z p . =1}be the set of standard prices.
1J
The set £ is a simplex.
Thus, a continuous function, denoted g , is associated with any function g. It is such that :
This transformation brings no loss of generality. The prices of goods in the balanced or excess supply markets are relatively brought down as for the prices of goods in the excess demand markets.
In the same manner, we denote by 'e the F-continuous fuzzy point-toset mapping, associated with the excess demand fuzzy point-to-set mapping e, which has P as domain and £ as co-domain.
The following theorem states the conditions for which the groping process tends to a price equilibrium in all the markets. Theorem. Let fl? ^ be a real topological vector space, locally convex and
Hausdorff-separated, and E_ be a subset of ff? If the excess demand fuzzy point-to-set mapping e in £ is closed and has for images e(p) which are non empty and convex, and verifies the Walras generalized Law, then a competitive equilibrium exists in the spatial fuzzy economy, i.e. it exists a price vector p* G £ and an excess demand vector e* G e(p*) such that e* 0.
Proof. Let | P \ £ is non empty, convex and compact since, by definition, £ = X_ -Y_ -{w} and the possible consumption and production sets, X and V respectively, are non empty, compact and strictly convex by virtue of the continuity conditions of the objective functions in the consumers and producers fuzzy economic calculations (see 2.3.1., 2.3.2. and 2.3.3.).
Now let the fuzzy point-to-set mapping, denoted by cp, such that :
This fuzzy point-to-set mapping is closed. Indeed, its graph :
is closed because it is the product of two closed sets.
Moreover, the fuzzy point-to-set mapping cp is convex in £ since it is the cartesian product of two convex point-to-set mappings.
Therefore, the assumptions of Butnariu theorem 2 are verified and the fuzzy point-to-set mapping cp has a fixed point in E_.
By virtue of the Walras generalized Law, the fixed point corresponds to a competitive equilibrium state. Indeed, it exists a vector (p*, e*) ofPxE such that :
(p*, e*) E cp(p*, e*) = (h (p * ), e(p*))
Then we have :
[p* G h(p*) and e* G e(p*)] => p G P_ : p.e* ^ p*.e* ^ 0.
Whence : e* 0. 4.1. The theorem of spatial general equilibrium existence in a fuzzy economy is true whatever be the economic space configuration. Provided that the competitive structure of markets be kept, it is applicable so as to the cases of a space ä la Thünen (concentrated demand, scattered supply), a space ä la Hotelling (scattered demand, concentrated supply), or a space ä la Lösch (scattered demand and supply). At last, it covers, as a particular case, the model of a classical aspatial economy (demand and supply concentrated in a single point).
4.2. However, this result is possible only when space is characterized in a poor manner. It has been described with the help of a set of points which are separated by given distances and all the prices, including the transportation prices, are settled in competitive markets. A richer characterization of space would start notable difficulties. We find again the idea that space is not economically neutral and its integration in the general equilibrium theory put specific problems (Mougeot, 1978) .
4.3. The conditions of spatial general equilibrium existence are less constraining in a fuzzy economy than in an ordinary economy. Indeed, the consideration of fuzzy economic calculations permits to state a more general theory and above all to solve some fastidious questions, espe cially the problem of the equilibrium production with increasing returns.
But, the equilibrium conditions are yet restrictive enough, so that a fuzzy economic space, as an usual space, is commonly in a disequilibrium state. On this subject, the theory brings again a conclusion similar to the result of some land-use models (Huriot, 1977) . However, the disequi librium positions in space can be analyzed only by referring to the equi librium states. For that reason the concern of the spatial general equi librium theory remains.
4.4. The present paper is incomplete. Several complementary researchs must be looked at. Especially, the stability and optimality properties of the spatial general equilibrium in a fuzzy economy will have to be studied. In the same way, the assumption of competition in markets will have to be replaced by that of an oligopolistic economy. The theory will have to be formalized in terms of fuzzy games and fuzzy core. At last, in the present analysis, the locations of the economic agents are given.
The difficult problem of the existence of a spatial general equilibrium in a fuzzy economy with endogeneous locations remains open.
